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Mathematics Extension 1

General Instructions Total marks - 70

* Reading time — 5 minutes Section | — 10 marks (pages 2-6)

* Working time — 2 hours ¢ Attempt Questions 1-10

» Write using black pen e Allow about 15 minutes for this section

e NESA approved calculators may be used Section Il — 60 marks (pages 7-10)

¢ A reference sheet is provided e Attempt Questions 11-14

* In Questions 11-14, show relevant e Allow about 1 hour and 45 minutes for this section
mathematical reasoning and/or calculations
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Section |

Write your answers on the multiple choice answer sheet provided.

1. The solution to the equation2* +2""' =8 is:
(A) x=1
(B) x=3-log,3
(C) x=log, 5

1
(D) X—Z

2. A polynomial equation has roots «, f and y, where
a+f+y=0; afy=1; af+ay+py=1
Which polynomial equation has rootsa , # and y

(A) x3+x—-1=0
B) x3+x+1=0
(C) x3—x+1=0
D) x3—x—-1=0

3. D, C, and E are points on a circle with centre A.
DC is parallel to AE. AD intersect CE at F. /DFE =105°

E
D @A Not to scale

The value of ZFAE is

(A) 75°
(B) 52.5°
(C) 70°
(D) 105°
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4. Consider the function f(x) = e**2 and its inverse function f~1(x). What is the value of
f(e?)?
(A) f(x) = e—(€¥)-2
(B) f71(x) = e(®*?
@ f*)=0
(D) f~(x) = 4

. x-3 .
5. The value of %ggm is:
(A) 4

(B) O

(C) Not defined

(D) 1

6. The graph describes the velocity v of a particle at time t.

V'

Which of the following
statements is true? 2

(A) The particle is at the origin at A and B.
(B) The particle moves in a positive direction and changes direction after 3 seconds.

(C) The particle has a negative acceleration throughout the last second of its trajectory.

(D) The particle returns to the origin after 4 seconds and comes to rest.
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7. A particle is moving along a straight line so that initially its displacement is x = 1, its velocity
is v=2, and its acceleration is a =4.
Which is a possible equation describing the motion of the particle?
(A) v=x*+2x+4
(B) v?=4(x*-2)
(C) v=2+4Inx
(D) v=2sin(x-1)+2

8. The following curve is the graph of the function y = ™™

The graph is translated vertically and horizontally so that the resulting graph describes an even
function which touches the x-axis, as shown:

LN N

A possible equation for the resulting graph is:

(A) y = esin(x—g) —e
(B) y=e

(C) y = esin(x+§) _ 1

(D) y=e
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9. The following curve is the graph of which of the following function?
y

T

W

-Tr+

1 X

A =-3sin” —
(A) y 5

(B) y=-3cos™' 2x

(C) y=3cos™' 2x

(D) y= %cos_1 3x

10. Let f(x) = ax™ and g(x) = bx™, where a, b, m and n are positive integers. For both fand g,

the domain is all real x.

If f'(x) is a primitive of g(x), then which one of the following must be true?

m .

(A) — is an integer
n
n., .

(B) —is an integer
m
a . .

(Q) 5 is an integer

b .
(D) p is an integer

Section Il begins on the next page
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Section Il

60 marks

Attempt Questions 11-14

Allow about 1 hour and 45 minutes for this section

Start each question on a new page. Extra paper is available.

In Questions 11-14, your responses should include relevant mathematical reasoning and/ or calculations.

Question 11 (15 marks) Start a new page.

2
(@) Find the exact value ofjcosxsin2 xdx
0

(b)

The points D, C lie on a semicircle with 4B as diameter.
AC, BD produced intersect at F; AD, BC intersect at E.

(i) Prove that CEDF is a cyclic quadrilateral.
(ii) Prove that FE is perpendicular to 4B.

(c) Let a,p and y, be the three angles of a given triangle.
(i) Show that tan(a + f) =—tany

(i) Hence, or otherwise, prove that: tan  + tan £ + tan ¥ = tan @ x tan f x tan y
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(d) (i) Show that the equation In(x) =cosx has a solution between x=1 and x=2 1

(ii) Using one application of Newton’s Method, with x =1.5 as your initial value, find a better 2
estimate for this solution. Present your answer accurate to three decimal places.

(e) The velocity, v, measured in centimetres per second, of a particle moving in simple harmonic

motion along the x axis, is given by v =16x — 4x° + 20
(i) Show that ¥=—4(x—2) 2

(ii) Find the maximum speed of the particle. 2
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Question 12 (15 marks) Start a new page.

(a)
(b)

(c)

(d)

(e)

Find a general solution to the equation sin3x = cos2x where x is measured in radians.

Air is escaping from a spherical balloon at the rate of 2 cm?3 per second. How fast is the surface
area of the balloon shrinking when the radius is 2cm?

. . . 1\" .
If there exists a non-zero constant term in the expansion of (x2 — ﬁ) ,show thatnis a

multiple of 5.

From a group of 6 men and 7 women, a committee of 5 people is to be formed.

(i) What is the probability that in the committee there is at least one man and at least one
woman?

(ii) Three particular women and two particular men are chosen to be on the committee and
the committee members are seated at random around a circular table. What is the
probability that the two men are not seated next to each other?

Points A and B are located d metres apart on a horizontal plane. A projectile is fired from A
towards B with initial velocity u m/s at angle « to the horizontal. At the same time, another
projectile is fired from B towards A with initial velocity w ms™ d at angle 3 to the horizontal, as

shown in the diagram. The projectiles collide when they both reach their maximum height.

The equations of motion of a projectile fired from the origin with initial velocity V m/s at angle

0 to the horizontal are: x=Vtcosf and y =Vt sin@—%gt2 (Do NOT prove this)

usina

(i)  Show that the projectile fired from A reaches its maximum height at time t =

(i)  Show that usina = wsin

(iii) The distance between A and B, is given by: d :ﬂsin(a +f)
g
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Question 13 (15 marks) Start a new page.

(a) John stands at point A and sees a tower due north. The angle of elevation from A to the top
of the tower is 20°. He then walks in a straight line 70 m to point B and notices the tower is

now positioned at a bearing of 330° from him. The angle of elevation from point B to the top
of the tower is now 25°.

Copy the diagram on to your answer sheet showing points A, B and T and relevant lengths
and bearings.

Calculate the height of the tower, correct to 1 decimal place.

(b)

P is the point of intersection between x =0 and x :% of the graphs of y =secx and

y=2cosx, as shown.

0 X

0 Ly
(i) Verify that the x-coordinate of P is % 72\

(ii) The shaded region makes a revolution about the x-axis. Show that the volume of the
72_2
resulting solid is — cubic units.
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(c) Use mathematical induction to prove that for all positive integers n > 1:

I1x2° +2x2" +3x2% +...4+nx2"" =1+ (n—-1)x2"

(d) Four fair dice are rolled. Any die showing 6 is left alone, while the remaining dice are rolled

again.
(i) Find the probability (correct to 2 decimal places) that after the first roll of the dice,

exactly one of the four dice is showing 6.
(i) Find the probability (correct to 2 decimal places) that after the second roll of the dice

exactly two of the four dice are showing 6.

Question 14 continues over the page
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Question 14 (15 marks) Start a new page.

1

xlnx

@ () Findj

dx using the substitution u =1Inx

Ay

|

The curve above is the graph of the function y =
xInx

(ii) The area shaded is bounded by the curve, the x axis and the lines x=2and x=p

is 1 square unit. Using part (i), or otherwise, show that p = 2°¢.

(b)  P(2ap,ap*)and O(2aq,aq’)are two variable points on a parabola x> =4ay .

N

(2ap , ap?)

Q(2aq , aq?)

0

(i) If the variable chord PQis always parallel to the line y =x , show that p+¢g=2 .

(ii) The normals at Pand Omeet at N . Prove that the locus of N is a straight line.
[You may assume that the gradient of the tangent at P is p.]
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(€} Consider the function f(x) = x +vx* +1

y

(i) Copy the graph of f(x) and sketch the graph of f~'(x), the inverse function of f(x), 1
on the same axes.

(ii) Show that fl(x)zé(x—l) 2

X

(iii) By comparing the graphs of f(x) and f'(x), or otherwise, show that:

j.(x+m)i =%(1+\/5+1n(1+\/§))

END OF EXAMINATION
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Sectionl B,A C,C,AB,CC,B
Write your answers on the multiple choice answer sheet provided.

1.
2+2"x2=8
2"x3=8

-8
3

x =log (Sj
=log,| =
3

x=log,8—-1log,3
x=3-log,3

2. A polynomial equation has roots o, # and y, where

a+f +y=-B apf+ay+ fy=C afy=D
B=0
Cc=1
D=-1
X +x-1=0
E
3.
3x=105
x=35 D g Not to scale
LFAE =2x=170 \V
C
4, y=e*t?
x = eV*2
y =In(x) — 2

f7Hx) = In(x) — 2
f1(e?)=In(e?)—2=0
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6. The particle moves in a positive direction and changes v

x=3 ><Vx+1+2

lim
=3 x+1-2 Jx+1+2

(x—3)(\/ﬁ+2)
x+1-4
(x—3)(M+2)

x-3

(x-3)(ﬁ+2)
x—3

lim(m + 2)

x—3

1}331(«/@2) —4

lim

x—3

direction after 3 seconds.

0 1 2 N4
v=2sin(x —1) +2 v?=4[sin(x — 1) + 1]? -
At x=1V=2
_ vt _dor 2
Usea =——=—2 [sin(x — 1) + 1]
a = 4[sin(x — 1) + 1]cos(x — 1)
At x=1 a=4
So, D
8. The following curve is the graph of the function y = e™""
2-/\/\/
\_/o ’
4 2 0 Z 4 6 g 10 12
2.
—1<sinx <1
. N T .. - -1 3z 1
Maximum pointisat y =e E,e Minimum pointisat y=e =
e
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9. The following curve is the graph of the function:

y
-
0 X,
05 0 5 1 i
.
3z -1
At x=0 y=—7 So y=-3cos 2x So, C

10.

m—1=mn+1...(1) (equate powers)
b

am =
n—+1

(2) (equate coefficients)

Solving simultaneous equations:
b
1) =—
m(n+ 1) .
Since m, n + 1 are both integers (i.e. € Z7),
=m(n+1)e Zt
b
~—=m(n+1)e Z*
a

= D
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